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Walk on Spheres 11— Quverview

e [ast time:

— Motivated why we want to solve PDEs—and how Monte Carlo
methods can help

— Introduced basic walk on spheres (WoS) algorithm for Laplace equation

* This time:

— Look at broader set of problems & algorithms

— PDEs: Poisson, screened Poisson, convection-diffusion, heat ...

— Boundary conditions: Neuman, Robin, ...

— Applications & open questions



PDEs & Stochastic Processes: Beyond Brownian Motion

Brownian motion
= initial value problems

(e.g., heat equation)

’».zgé.‘f?x

stopped Brownian motion
= boundary value problems

(e.g., Laplace equation)

branching random walks
— semilinear PDEs

(e.g., reaction-diffusion equations)

Yhe

reflected Brownian motion
= Neumann boundary conditions

(i.e., prescribe normal derivative)

radially symmetric Levy process
« fractional order operators

(e.g., fractional Laplace equation)

partially reflected Brownian motion
= Robin boundary conditions

(i.e., prescribe derivative + value)




Three Perspectives

Stochastic Partial
M
Differential Equations stochastic Differential Equations
(SDEs) calculus (PDEsSs)

Integral Equations
(IEs)






Review: Kakutani’s Theorem

Theorem (Kakutani 1944). Consider a domain
Q2 with sufficiently regular boundary 0€2, and
let A C 0€2 be a region on the boundary. Then
the probability P(x, A) that a Brownian process
X, originating at x intersects A before d0Q2\A is a
harmonic function satisfying

1, e A,
lim P(x, A) = { Y of)
X—y 0, y ¢ A .

The solution to the Dirichlet problem on £ with boundary data g : 022 — R is then
given by the integral of g with respect to this probability (“harmonic measure”):

u(x) = J P(x,dy)g(y)
1%.9)



Exit Distribution & Poisson Kernel

STOCHASTIC CALCULUS POTENTIAL THEORY
Exit distribution. For any point x € Q, Poisson kernel. The equilibrium
the exit distribution P(x,y) describes how temperature at each point x € Q for a
first hit locations of stopped Brownian point source at boundary point y
motion X; are distributed on 0Q); defines Poisson kernel P(x,y):
AP = 0 on()
X _
P(XTeA)—/AP(x,y)dy P = 4, onodQ)

O

Intuition: switch
on a heater along
wall of a cold room

I)I(lttg;ﬁ(z}rll ”ho}vlv oft.en does Exit distribution & Poisson kernel
rough region A”? are the same (up to normalization)




Walk Distribution & Green’s Function

STOCHASTIC CALCULUS POTENTIAL THEORY
Location distribution. For any point x Green'’s function. Let G(x,y) be
€ O, let G(x,y) be the probability that equilibrium temperature at x for a point
stopped Brownian motion X; is found source at interior point y, i.e., solution
at y over the time interval 0 < ¢t < T: to Poisson equation
L _ AG = o0, on()
EY| [ 1xeadt| = [ Glxy)d = %
_OXtEA_ A(y)y G =0 onoQ

dIntuitiOI.lz.”how often Location distribution & Green’s function candle in the mi
oes X; visit region A”? are the same (up to norma]ization) of a cold room




Green’s Function & Poisson Kernel

STOCHASTIC CALCULUS POTENTIAL THEORY

location distribution €«——» Green’s function G

exit distribution <+—>» Poisson kernel P



Boundary Integral Equation

In general, harmonic function # on domain Q

a.k.a ”Green /S

satisfies a boundary integral equation (BIE) "epresentatip,, theorer; ”
ou
u(x) = [ Plx,yuly)dy —G(x,y)s —dy
o) ny
A Dirichlet A }}Teumann 30)

()~~~
RS

/ o..
. Seo
o’ )

I —> I —>
interpolate values interpolate derivatives




Boundary Integral Equation — Derivation

Start with a Laplace equation
Au =10
Multiply both sides by G and integrate to get

/Q G(x,y)Au(y) dy =0

Recall product rule for divergence operator:
V- (GVu) =VG-Vu+ GAu

Integrating this relationship (“integration by parts”) yields

|V (Glx,y)Vuly) dy— [ VG(x,)- Vu(y) dy =0



Boundary Integral Equation — Derivation (cont.)

Integrating this relationship (“integration by parts”) yields

/VV/nV
0()

/ V- (G(x,y W(y))dy—/QVG(x,y)-W(y) dy =0

Now apply divergence theorem to the first term:
0
G dy— [ VG(xy)- Vuly) dy =0
/BQ oY) g v W) dy = | VE(xy) - Vuly) dy
Apply integration by parts again to second term:
| AGGoy)u(y) dy = | Plxyuly) = Glx,y)5—

By definition, AG(x,y) = 6x(y) and we get

u(x) = [ Ploy)uly) = Glx,y)5 -

d

5, V) 4

d

3, W) 4y




Boundary Integral Equation with Source

For linear-elliptic PDE Lu = £, can express solution via integral

u (x ) — P (x ; ]/) u (y) dy Dirichlet boundary values

0()
ou
— G(x y)
Bny

—+ / G x y ) dy source term

dy Neumann boundary values



Sounds pretty great:
now we can just solve PDEs via integration!

Problem:
...where do we get the Green/Poisson kernels?



Walk on Subdomains

e For domains w/ complex geometry, never know

. unknown
Green/Poisson kernel!

e Traditional approach: boundary element method
(BEM)

— discretize & solve BIE

* Monte Carlo approach: walk on X

known

— at least know kernels for simple domains R
Bn
— e.g., X = ball, rectangle, star-shaped region...

— 50, recursively estimate BIE for “easy”
subdomains, via Monte Carlo




Convection-Diffusion Equations



Review: Convection-Diffusion Equation

V- (aVu)+o- -Vu—ou

u

f on ()
¢ on d()



Review: Convection-Diffusion Equation

0 on ()
¢ on d()

V- (aVu)

u

g(x) u(x)

Intuition: temperature along boundary is fixed.



Review: Convection-Diffusion Equation

V- (a«Vu) f on Q)

¢ on d()

U —

Intuition: adds additional “background temperature.”



Review: Convection-Diffusion Equation

ABSORPTION
V- (aVu) — ou

u

Intuition: “cooling” due to absorption into background medium.



Review: Convection-Diffusion Equation

V- (aVu)+a@-Vu

Intuition: heat is dragged along with a flowing river.



Review: Convection-Diffusion Equation

DIFFUSION

V- (aVu)

|
S
=
|

f on Q)
¢ on d()

U —

Intuition: how fast does heat “spread out”?



Review: Convection-Diffusion Equation

In general, coetficient functions a, @, o can vary over space:

V- (a(x)Vu)+w@(x) - Vu—o(x)u

U

f on Q)
¢ on d()



Review: Convection-Diffusion Equation

In general, coetficient functions a, @, 0 can vary over space:

Au+cw - -Vu—ou = f on Q)
u = ¢ on 0d()

For now: assume coefficients are constant.




Boundary Term

Au 0 on ()

u = g onoQ) == E[¢(Wr)|Wp = x| = _1 u(y)dy
B Jyp )
differential equation stochastic representation integral representation

(Laplace) (any domain) (on ball)

—— = =

idea: apply Kakutani’s e .
principle in a ball; use y N 0B (X)
unknown values u as |’ \
boundary conditions g X

—

-~ _—_— -



Boundary Term — Estimator

Monte Carlo estimator

1
0B(x)

d
| aB(S(y) Y

integral representation
(on ball)




Boundary Term — Estimator

Monte Carlo estimator

1
9B (X)) aB(S(y)dy

integral representation
(on ball)




Boundary Term — Estimator

Monte Carlo estimator

. xX), x € Q)
u(x) = {g( ) ’agl(x) u(y)dy

u(y), otherwise

| JaB(x)

integral representation
(on ball)




Boundary Term — Estimator

Monte Carlo estimator

g(f), xEBQg 1

d
u(y), otherwise 9B (x)] BB(S(y) Y

integral representation
(on ball)

u =0 // solution estimate
for i=1,..,nWalks {
x = x0 // start a new walk
do {
// move to random point on biggest empty sphere
r = distance(x,9Q)
X = randomSphere(x,r)
} while(r > €) // close enough!
u += g(closestPoint(x,9Q)) // sample boundary value

}

return u/nWalks // return average boundary value



Source lerm

Au
u

fonQ) o
g on d()

differential equation
(Poisson)

YA
/Of(Wt)dt Wo = x

stochastic representation

(any domain)

f

idea: track distribution
of where random

walkers spend time
inside a ball B(x)

—> [, f0)Gy) dy

integral representation
(source term on ball)

HARMONIC GREEN'S FUNCTION G (X, /)



Monte Carlo estimator N=1

[B)IF(W)G(x,y), v ~ Upy

volume Green's  uniform distribution
of ball function on ball

/B " f(y)G(x,y) dy

integral representation
(source term on ball)

[Epelov & Mikhailov 1969]



Source lerm

Monte Carlo estimator

) { (%), X € 90, /B (x)f(y)G(x,y) dy
i 0os) + [BO) | f (i) G (k)

otherwise integral representation
(source term on ball)




Source lerm

Monte Carlo estimator

g(Xk), xx € 00X /B " f(y)G(x,y) dy

i(xx1) + |B(xx) | f (vie) G (xk, Yk ),

otherwise integral representation
(source term on ball)

u =0 // solution estimate
for i=1,..,nWalks {
x = x0 // start a new walk
do {
r = distance(x,9Q)
y = randomBall(x,r) // random point inside ball
u += m*r*r * G(x,y,r)*f(y) // source contribution

X = randomSphere(x,r)
} while(r > €) // close enough!
u += g(closestPoint(x,9Q)) // sample boundary value

}

return u/nWalks // return average boundary value




Absorption Term

Au+tou =f on() e -

u = g on d()

differential equation
(screened Poisson)

Q
I
-

small o large o

some walkers get “absorbed”
before exiting ball

[ (W)t + e Tg(wy)

stochastic representation
(any domain)




Absorption Term

_ T ]
Autou=fonl) 0 b / et F(W,)dt + e “Tg(Wr)
0

u = g on d() i
differential equation stochastic representation )

(screened Poisson) (any domain)
X | Gy f )y +
A X " B(x)

’ . PY(x,y)u(y)d
Jyp P oy
GY (x, y) PY (x, y) integral representation

(source term on ball)



Drift Term — Same Story, Different Green’s Function

Ay = AW, + & (X;)dt
Au+wVu=Ff onQ) ey t aX)
i = ¢ on A0 E / F(Xe)dt +g(Xe)

differential equation

(convection-diffusion) stochastic representation
(any domain)

B oG / Gw x y y—|—
~on / PY(x,
. P y) (v)dy
Xt G* (x y y) 1ntegral representatlon

(source term on ball)



Summary (Constant Coefficients)

DIFFERENTIAL EQUATION
Au—+w-Vu—ou = f on ()
u = g on d()

STOCHASTIC REPRESENTATION  dX; = @&dt + v/ adW;
T —ft o(Xs)ds —ft o(Xy)dt
| e et pxat + e o rX0irg(x,)

u(x) =1

INTEGRAL FORMULA

u(x) = /B (XG)‘N’(x,y)e‘”'(y‘x)f(y)dw aB(gﬁ(x,y)ew'(y‘x)u(y)dy

MONTE CARLO ESTIMATOR
( —_—
g(xk)/ X € aQez

u(xg) = €. 7 ” i
0 |G (i yi) f (i) + P97 (o, Xpey1 )i (Xpey1),  otherwise




Summary (Convection-Diffusion)

DIFFERENTIAL EQUATION

Au—+w-Vu—ou = f on ()

u = g on o)

\

INTEGRAL FORMULA

)= G

variable coefficients
derivative estimators
variance reduction

)f(y)dy _I_/aB(gcj)ﬁ'(x,y)ew-(y_x)u(y)dy

\

MONTE CARLO ESTIMATOR

u(

xk):<

(g(fk), X © 2(),,
|G (e, yi) f (yk) + P97 (xg, Xgq1)U( Xy 1),  otherwise



Derivative Estimators

Laplace equation

dB(x)

directional derivative

Au = 0 on ()
u = g on o) ] Dzu=2-Vu
Y. — curl, divergence, ...
value .
radient
u(x) = a%/ u(y)dy |
9B| J3B Vu(x) = \al—B| aBu(y)n(y) dy
Hessian
V() = gy [ RSy =0 ® v =) ~ gy dy

(m=dimension, R=ball radius)




Composing Estimators

Can solve higher-order PDEs by “nesting” estimators.

NESTED WALK ON SPHERES

Example. (Biharmonic equation)

A u=f

—> Au =(v
Av = f

Can accelerate naive scheme O(n2) to O(n) by re-using walks




Composing Estimators

Can solve higher-order PDEs by “nesting” estimators.

NESTED WALK ON SPHERES “TREE WALKING” ESTIMATOR

Can accelerate naive scheme O(n2) to O(n) by re-using walks



Diffusion Curoves

Au =0 onQ\T
u =9 onl™
u =g onl~

[' — collection of open & closed curves




Helmholtz Decomposition (2D)

div-free (JVv)



Helmholtz Decomposition (3D)

curl-free (Vu)

e\

NN
\

!‘ !




Cross Fields & Quaf Fem: ‘singularitypary”

@ i < il I e Y 7] @ ay ’ 9.0 0 @
) i I 7 .9 :; @ : { < LIS I Q@ .
() i 2 e -.__o.-'.’a ' . See e e




Shape Deformation (2D)

Deform images with Bézier control curves & 2nd-order boundary conditions.

¢’ = 0 on ()
¢ = ¢ on 9()
¢’ = 9*¢/de5 on Q)

(edited)



Neumann Boundary Conditions



Dirichlet vs. Neumann Boundary Conditions

Dirichlet Neumann

interpolate given values interpolate given derivatives



Dirichlet vs. Neumann Boundary Conditions

Mixed

fixed values or derivatives



Walk on Spheres— Recap

Au=0 on()
u =g ono()

Laplace
Dirichlet

until we reach domain boundary 00):

* find the largest ball B around x

* sample xx+1 from 0B

add boundary value g(xx) to average

Xk



Walk on Stars

Q Au=0 on() Laplace
P . u=g on 0()p | Dirichlet
," ," g—z =h ond()y | Neumann -----
I" JE() "' .
& . until we reach boundary 0Qp:
“ xl ‘ \‘
\ \ * find ped region St around x
XZO‘ . ‘\‘
\ J . ®sample xk+1 from 0St
\ "\ add boundary value g(xx) to average

Key difference: walk can now reflect oft Neumann boundary



Absorbed vs. Reflected Brownian Motion

Dirichlet <= absorbed Neumann <> reflected

Basic question:
How can we efficiently simulate reflecting Brownian
motion on domains with complex geometry?




Reflecting Brownian Motion — 1D

A

Yt — ‘Xt‘

time
>

Brownian motion

- reflected Brownian motion




Reflecting Brownian Motion — nD [ polyhedral

I~ e
________
_-_-
-~

———————————————

______________

Brownian motion

— teflected Brownian motion



Naive Simulation of Reflecting Brownian Motion

Problem: inefficient

Jo

Problem: incorrect / biased




“Nudging” Walks Back Into Domain

Also tempting: “nudge” walk back into domain if
we get too close to Neumann part of the boundary

. . »
Xk 1 nudge into domain Xp_; Tk
° Nx, ﬁ °
i;ek N
__________ O ========- ._____'_"'____Q.________.
accumulate error Xk Xk

with each nudge walks “cling” to

. &
(biased solution) / Ne(g?;?;; E(;larhc(is?ry
X5

e-shell

il | l oot By



Boundary Integral Equation

LAPLACE EQUATION

0A
Au =0 onO .

BOUNDARY INTEGRAL EQUATION

u(x) = | Plxy)uly) dy

Intuition: “generalized mean value principle”



Walk on Subdomains

Idea: take a “walk” on subdomains that can contain pieces of the
Neumann boundary (by sampling Poisson kernel)




Sampling the Poisson Kernel

Problem: Poisson kernel known only for very simple regions

known
unknown

known

B" R



Boundary Integral Equation (General)

Au =0 on ()
g—Z:O on 0()

BOUNDARY INTEGRAL EQUATION (GENERAL FORM)



C = ball
A = star-shaped region !

star-shaped region

Poisson kernel from ball, restricted to 0A




Sampling Star-Shaped Regions

Why use star-shaped region for A (and ball B for Poisson kernel)?

normal direction
aty  towardy

ny - X
47112

distance
from x to y

PP|oa =

signed solid angle




Signed Solid Angle

THE SIZE OF THE. PART OF EARTH'S SURFACE. N PR
DIRECTLY UNDER VARIOUS SPACE OBTECTS / y Y ]
M 47r?

AMm

image credit: Randall Monroe / xked



Just shoot a ray in a random direction.

first hit: ball first hit: domain boundary

(G661 SeqIno) 23 YoeoA |



Finding Star-Shaped Regions

How do we find big star-shaped regions?




Finding Star-Shaped Regions

Surprisingly easy to do: take min distance to (i) Dirichlet boundary
and (ii) silhouette of Neumann boundary.

P ~

closest silhouetye pod



Closest Silhouette Point Queries

normal cone hierarchy
silhouette

o .
/ points normal cone

- query
= point

_________
- -
’—

query
point®

Can re-use same BVH already built for closest point queries.




Walk on Stars (Laplace, Dirichlet + zero-Neumann)

l

D'n'eahrl , NO find closest shoot ray at star-
) 11‘1CC?1 e . > point & closest > shaped region to
oundary: silhouette point get next point

YES

A 4

add boundary
value to total




Comparison to Alternatives same time

Dirichlet

10-!

k
10—2 \
102 103 —— WoSt 102 103 101
—  WaoS

# walks time (secs)

- discretized



Radiative Transfer

THE HISTORY OF

Fourier and the Heat Equation F T /’" e
4 ; ,. 3
. ! ( ¢ . ':', &

In the early 19th century, the French mathematician Jean substances having different heat-transfer properties. Heat ; o y Q‘?:‘“

Baptiste Joseph Fourier (1768-1830) developed a formula moves differently in muscle, bone, and fat, for example, el h"_ "" L

that describes how heat travels through solids by conduc- Bread is sometimes more homogeneous, but the internal \ -. - | /-' .' SRS

tion. Now known simp he heat equation. Fourier” structure of the crumb is horrendously complex. It would - o —

elega °

physi . . « o

&4 “The heat equation helps to answer a question: is it done yet? Or L.,
askt ° ) ) ° | S
% rather, it could, if only the complexity of food did not defy our s

food

owest-

[nd thus

ce the

ability to model it mathematically. ... It would take extraordinary
¢ effort to represent such intricate, highly-variable patterns in a 3

energy
gradi

food h f d I 144
wet Neatl-transter model.

The
perat
faste
us th:

[ J

pee —Myhrvold & Migoya, o
ouri e otto
. ?r Lnducti(
ely our abiiily to model it mathematically. Solid foods T R | N of oven temperaty S ——_————arctoTT Whe ch:
typically consist of an elaborate assemblage of différent Noe,, o Rl o i adlat_lon skyrockets as wall temper- A Chc.

aAf11re vicoe A~ d il 1 2




Radiative Transfer

S CT scan

e 8

S —
S ——

6%\\

N
S .
5
8

cutaway view

== s

RS

AN




Radiative Transfer

heat transfer

radiation convection
(ray tracing) walk on stars)



Radiative Transfer

Takeaway:

This is not (really) about food simulation. :-)

oAty
\igx Faw

— &
A .’:ﬂn‘.

[t's about making physical simulation more like rendering
in terms of geometric complexity and rapid feedback.

TEMPERATURE



Oxygen Diffusion

boundary.conditions

oxygen concentration (mol/L)




Oxygen Diffusion — FEM

FEM mesh generation

11 minutes

original broken |8 correct
geometry hﬁ geometry
25.1 hours

: r‘“;ﬁ"-'
! x

Takeaway: Doesn’t matter how fast/accurate your FEM
solver is if mesh generation is slow or unreliable.




Mixing Heat Transfer & Light Transport
5 .
ok ¢ 4

boundary conditions

" heat flux density (W/m?)

.ol S =
g - - ’ g




Mixing Heat Transfer & Light Transport

radiant flux density (W/iig)

Takeaway: Easy to mix & match not only

geometric representations, but also algorithms.

=i \-/ B ', N
. & L N X

P ===

& n W= boundary conditions evaluated “on demand”
¢ /

signed distance functions



Fluid Simulation (Potential Flow)

Takeaway: Don’t need mesh to
satisty careful quality conditions—

\ boundary
representation

can directly analyze models built
for visualization & design.

-

streamline

boundary value caching (ours)



Spatially-Varying Coefficients



Real systems exhibit spatial variation

Insulation

Plant intake
of soil ‘Water‘

——— A 4 - A j_‘\' KR ~ i
varying thermal diffusivit AN N\ By LA
| conductivity b ok ke

Aquifer

Silty layer

Sand and gravel aqdifer

nderground
nd pores Fractured rock aquifer

varying permeability of
porous media

varying elastic response



Differential Equation — Variable Coefficients

In general, coetficient functions «, w, o can vary continuously over space:

V- (a(x)Vu)+d(x) - Vu—o(x)u = f on Q)
u = ¢ on 9d()

Strategy: transform into constant-coefficient PDE with all variability in source term:

VARIABLE VARIABLE VARIABLE CONSTANT
DIFFUSIVITY DRIFT ABSORPTION COEFFICIENT
(2ND-ORDER) (1ST-ORDER) (OTH-ORDER) PDE

N N

product rule + Girsanov delta
division by a(x) transform tracking



Variable-Coefficient PDE — Estimator

constant coefficient PDE (screened Poisson) fl= i —f
—17 __ (I U:=/a(x)u )
AU—-ocU = f'(x,U) on () V ¢ = /a0

U= ¢ (x) on d() flx,U) = f'(x)+ (@ — o' (x))U(x)

Aw(x Vin(a(x))?
o' (x) = W—l_% (ﬁ_ | (2( )] )




Variable-Coefficient PDE — Estimator

constant coefficient PDE (screened Poisson) Monte Carlo estimator
—17 g/ ~ _ boundar source
AU — ol = f/(X, ) on () U(x) = " ferm V(1) + term  (Yk)
U=¢(x) onadQ)
1 source

( xk) 1 boundary
p

i term (xk-l—l) | 1—-p term (yk)

Solution U appears on both sides of equation...?

FEM: didn’t make life any easier!
Monte Carlo: recursive equations are no problem!

integral representation (recursive)

ux) = [ U oy)dy+ [ F UG (k) dy

Problem: number of steps
grows exponentially!



Variable-Coefficient PDE — Estimator

Takeaway:

WOS is not just about integral formulations—which are
already used by, e.g., boundary element methods (BEM).

Rather, it enables fundamentally different tricks &
transtformations via recursive integral formulations.




Variable Coefficient PDEs & Volume Rendering

Recursive, stochastic formulation also provides critical link to rendering.

L(x, @) =
d t
/O ¢ fo U(xS)de(xtl CTJ, L)dt +e de U(Xt)dtg(xd/ CT), L)

VOLUME RENDERING EQUATION

)= [ [ B )+ e B o0,

FEYNMAN-KAC FORMULA




Acceleration — Volume Rendering

o . ¥
N N e e >
\Ili@ CRT A s AR P TR Q,,: &)

INPUT (4SPP) | scattering event >

_____________

...........................

--------
----------
,,,,,
- -
- -
- -
,,,,,
- "

X X

-----------
-=v il Y
,,,,,,,,,,

DELTA TRACKING
g [Woodcock et al 1965; Raab et al 2008]
| -

NEXT FLIGHT
[Cramer 1978]

o A
TR P
N

A
split| .

wli lw

pass through é’

T W
¥

roulette

WEIGHT WINDOWS
|[Hoogenboom and Légrady 2005]



Acceleration — Spatially-Varying PDES

pass through

roulette TW
—¥

WEIGHT WINDOWS




Reduction of Variance

diffusion delta tracking with weight
coefficient (250 walks/point) window [0.5, 1.5]

oo (%)

10° delta tr

o~ Ckip
107! m
()
102

10

102 '
walks/point

10!

de

10° j—pes =
8ht Wihg
Oow
10-1 \

'az(x)

102 103
walks/point

reference




Example — Infinite Heterogeneous Environment

- b d o. ' ¢ ’
po £ : G & ¢ o' 2.te . '» 0 . > < y
® . . ‘ " .. e - . .
n - - » »
" - » —~—— _J =
T » . ”
) 4 4 b
- -
| o




omparison — Adaptive Mesh Refinement (AMR)

WoS — 10 minutes FEM — 1.5 hours FEM+AMR — 2.5 hours

¥ A

LASA St & i S 877 A
p adaptive FEM mesh
(used directly by WoS) (~700k tetrahedra) (8.5 million tetrahedra)




Walk on Curved Surfaces

Key idea: express PDE on curved domain as variable-coefficient PDE on R"

CONFORMAL FACTOR
A(x)

maxX

min

, Laplacian
Laplace-Beltrami 1 o R2
Ar = A
P A

Future work: general anisotropic parameterizations (NURBS, subdivision surfaces, ...)
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Parabolic Equations

e So far considered only stationary solutions | time-independent equations
e How can we simulate parabolic equations evolving over space & time?
e Recall we now have; Q% [0, T]

— boundary conditions g : 02 — R

— initial conditions i, : 2 — R

o “time stepping” i

. L o)
— incrementally update in time boundary

. solve for any t > 0 directly by “walking on spacetime”

¥

C /

time




Heat Equation —No Boundary (Easy)

e Consider heat equation on Q = R iu(x,t) = Au(x,t) up:R" = R

(no boundary) dt

e Solution to heat equation is then just
convolution with heat kernel k(x,y) ®

Y B

o

* Q: What's our stochastic algorithm here?

* A:]Just apply Monte Carlo integration!
(No random walks needed.)

— not meaningful to uniformly sample R”

u(xt) = [ ki(xy)uoly) dy

— instead, importance sample the heat
kernel k, or initial conditions i,

1 —|x—vy|%/ (4t
— ...or both, via multiple importance kt(x/}/) — (47Tt)d/2e x—y[7/(4t)

sampling (MIS)



Heat Equation — With Boundary

goal: estimate u(x, T')

e For a domain with boundary, must ~
instead simulate a random walk X,

first hit on
boundary

— still Brownian motion dX, = dW,

* Space: take steps “as usual” (e.g.,
sample from sphere a la WoS) \

* Time: also keep track of time,
starting at T and walking
“backwards” \

o If we hit boundary 0L first, sample t =0
boundary conditions g(X,, 1) \)<

* If we hit time ¢=0 first, sample ) first hll’f on
initial conditions u(X,,,0) bottom” (¢=0)




Walk on Moving Spheres (simplified) — Heat Equation

e U <0
e fori=1,...,N:
o (x,1) « (xy, T
e while x & €2.:
— F < Mminych0 |x — Y|
— 7 « SampleExitTime(r)
—ifr—7<0:
o return uy(x)
- X~ Ugp
—l«<1l—7
o U — U+ g(X)
e return u/N




Exit Time Distribution

e Bessel process is the magnitude R, := | W,| of a

Brownian process W, starting at x = 0

o Inn dimensions, obeys SDE dR, = nz;l dt + dW,

— Q: How could you show this?

— A: Ito’s lemmal!

p(T) e {, ]
* Q: How can we simulate time taken by WoS stepto <]
hit a ball of radius r;?
e A:Not nearly as easy as sampling closed-form |

Green’s function / Poisson kernel

— for an explicit procedure, see Deaconu &
Herrmann, “Walk on Moving Spheres” (2013)




Heat Equation via Walk on Moving Spheres

(using a more careful algorithm due to S. Schwarz)



Heat Equation via Walk on Moving Spheres

(using more a careful algorithm due to S. Schwarz)






Importance Sampling

/Qf(x) dx A

importance sampled

Monte Carlo estimator

(X
ZZ”) - J\/\

Idea: put more samples in regions that contribute to integral



Importance Sampling for Rendering
Lo(x,wo) = /Hfr(wi, wo ) L;(x, w;) cos(8)dw;

SAMPLE LIGHTS SAMPLE MATERIALS

material
Wo
) S




Importance Sampling for PDEs

uniform sample sources

SAMPLE SOURCES

Jyoey GOy

uniform sample Green’s function

SAMPLE GREEN’S FUNCTION

Jyy COWF )y




Multiple Importance Sampling — Rendering

sample lights sample materials

multiple importance sampling



Multiple Importance Sampling—PDEs

sample sources sample Green’s function
Au+cu=f i .

multiple importance sampling



Path Reuse

tree walk

\
Q) V Q@ V
D e
~
~
~
~

(@) s=0,t=3 (b)s=1t=2

\\I\//
" \\ g 7 \‘\\//
”
”
”
”

(©)s=2,t=1 d)s=3,t=0

q

|1 sensor segment, 1 source segment



Control Variates

VALUE

ESTIMATE ‘\'
HESSIAN
GRADIENT ESTIMATE

N ESTIMATE\/




Denoising

an use some existing techniques from rendering directly for PDEs:

enoising reference

(<1s)

Intel OpenlmageDenoise






Summary

e Walk on Spheres. For simulation & PDEs, Monte Carlo/walk on spheres appears to be a
powerful and very “different” alternative to classical methods like FEM

— inherits many of the advantages of Monte Carlo rendering (scalable with geometric
complexity, parallel scaling, output sensitivity, ...)

— not always the right tool for the job!

— rather than trying to “beat FEM,” should think about where unique advantages of
WoS open the door to new problems/applications/ideas

* Potential theory. More broadly, PDE perspective provides link between stochastic
calculus and potential theory

— food for thought: where else might potential theory offer opportunity for
improvements in existing stochastic/ Monte Carlo/sampling tools?
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